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Outline for Today

‣ Optimization 
- Set up and terminology  
- Convex and strictly convex functions
- (Stochastic) gradient descent

‣ Regression and regularized regression
- Ordinary, ridge, lasso regression
- Other regularizers and interpretations

‣ Regularization
- Mitigating training (optimization) and testing (statistics)
- Explicit regularization
- Implicit regularization 



References

‣ Optimization and (S)GD:
- Convex Optimization [Boyd and Vandenberghe]
- Introduction to Optimization, [Chong and Zak], especially Chapter 8.

‣ Ridge/lasso/explicit regularization: 
- Pattern Recognition and Machine Learning, [Bishop]
- Referenced on slides

‣ Implicit regularization:
- Dropout (Srivastava et al., 2014)
- Label smoothing (Szegedy et al 2016)
- Early stopping (Caruana et al., 2001)
- Gradient Descent Only Converges to Minimizers (Lee et al, 2019)

‣ Some slides edited from: Tamara Broderick, Stephen Boyd, and Suvrit Sr a



What is Empirical Risk Minimization?Empirical Risk Minimization

Learner does not know P(X,Y), so true error (Bayes error) is
not known to the learner. However,
I Training Error: The error that the classifier incurs on the
training data

LS(h) :=
1
N
# {i 2 [N] | h(xi) 6= yi} ,

aka empirical risk

I ERM principle: Seek predictor that minimizes LS(h)
I Pitfall: Overfitting!

Suvrit Sra (suvrit@mit.edu) 6.867 (Fall 2019)



Optimization Terminology

(Global)

Accommodates 
maximization: 

Accommodates 
unconstrained: Unconstrained more heavily used

in numerical solvers and modern ML



Anatomy

‣ Feasible solution(s): Any  that satisfies all constraints 


‣ Fixed points: Any  where 


‣ Local optimal solutions: Any  among feasible solutions that’s 

smaller than its neighbors


‣ (Global) optimal solutions: Any  among feasible solutions 

that’s globally minimum


‣ Optimal value: the objective function evaluated at an optimal 

solution 

x fi(x) ≤ bi

x ∇f (x) = 0

x

x

f0(x*)



Unconstrained Local Optimality Condition

x * is a local minimizer ∇f (x*) = 0

x * is a local minimizer

x * is a (strict) local minimizer

&∇2f (x*) ⪰ 0

&∇2f (x*) ≻ 06=)

<latexit sha1_base64="ZKzKCx4zdMgp2dvtwvBB17ZmZ68=">AAACEnicbVDLSsNAFJ3UV62vWJduBovgqiRS0WXRjcsK9gFNKJPpTTt0MgkzE7GE/oVrt/oN7sStP+An+BdO2yC29cLA4dx77rlzgoQzpR3nyyqsrW9sbhW3Szu7e/sH9mG5peJUUmjSmMeyExAFnAloaqY5dBIJJAo4tIPRzbTffgCpWCzu9TgBPyIDwUJGiTZUzy57FIQGKWLtscg4gurZFafqzAqvAjcHFZRXo2d/e/2YppFZRDlRqus6ifYzIjWjHCYlL1WQEDoiA+gaKEgEys9mt0/wqWH6OIyleULjGftXkZFIqXEUmMmI6KFa6P3ePlmWTGf/k3RTHV75GRNJqkHQuX+YcqxjPM0H95kEqvnYAEIlM1/AdEgkocZIlUw27nISq6B1XnVr1Yu7WqV+nadURMfoBJ0hF12iOrpFDdREFD2iZ/SCXq0n6816tz7mowUr1xyhhbI+fwDjN563</latexit>

(=

<latexit sha1_base64="+Zt3WZ60eyNMfOvYIhoGT4sPbRA=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047KCfWAbymRy0w6dR5iZCKH0B1y71W9wJ279Cz/Bv3DaZmFbDwwczr2Hc+eECaPaeN63U1hb39jcKm6Xdnb39g/Kh0ctLVNFoEkkk6oTYg2MCmgaahh0EgWYhwza4eh2Om8/gdJUigeTJRBwPBA0pgQbKz32KLcpEIVZv1zxqt4M7irxc1JBORr98k8vkiTlIAxhWOuu7yUmGGNlKGEwKfVSDQkmIzyArqUCc9DBeHbxxD2zSuTGUtknjDtT/zrGmGud8dBucmyGemFGbCQoIc1k2TLd/c/STU18HYypSFIDgszz45S5RrrTVtyIKiCGZZZgoqj9gkuGWGFig3TJduMvN7FKWhdVv1a9vK9V6jd5S0V0gk7ROfLRFaqjO9RATUSQQC/oFb05z8678+F8zlcLTu45Rgtwvn4BpEua1A==</latexit>

6(=

<latexit sha1_base64="1QWNUT1MJj/YkIw/p9VO+wBnwAQ=">AAACFHicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkosuiG5cV7AOaUCaTm3boZBJmJkIM/Q3XbvUb3Ilb936Cf+G0DWJbLwwczr3nnjvHTxiVyra/jNLK6tr6RnmzsrW9s7tn7h+0ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj+6mfQ7DyAkjfm9yhLwIjzgNKQEK031zSOXAFcgeKxcGmlHCPysb1btmj0taxk4Baiiopp989sNYpJGehVhWMqeYyfKy7FQlDAYV9xUQoLJCA+gpyHHEUgvn14/tk41E1hhLPTjypqyfxU5jqTMIl9PRlgN5Vzv9/rxomQy+5+kl6rwysspT1IFnMz8w5RZKrYmCVkBFUAUyzTARFD9BYsMscBEG8mKzsZZTGIZtM9rTr12cVevNq6LlMroGJ2gM+SgS9RAt6iJWoigR/SMXtCr8WS8Ge/Gx2y0ZBSaQzRXxucPhJGflw==</latexit>

=)

<latexit sha1_base64="h7Saoknw6SuT44L5Z/ROpMmntB4=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4B2KJn0Thuax5BkhDJ079qtfoM7cetv+An+hWk7C9t6IHA49x7OzYkSzoz1/W+vsLa+sblV3C7t7O7tH5QPj5pGpZpCgyqudDsiBjiT0LDMcmgnGoiIOLSi0d103noCbZiSj3acQCjIQLKYUWKd1O4y4VLA9MoVv+rPgFdJkJMKylHvlX+6fUVTAdJSTozpBH5iw4xoyyiHSambGkgIHZEBdByVRIAJs9m9E3zmlD6OlXZPWjxT/zoyIowZi8htCmKHZmFGXSRoqexk2TLd/c/SSW18E2ZMJqkFSef5ccqxVXjaCe4zDdTysSOEaua+gOmQaEJdkCm5boLlJlZJ86IaXFavHi4rtdu8pSI6QafoHAXoGtXQPaqjBqKIoxf0it68Z+/d+/A+56sFL/ccowV4X78Lwpn0</latexit>

6(=

<latexit sha1_base64="1QWNUT1MJj/YkIw/p9VO+wBnwAQ=">AAACFHicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkosuiG5cV7AOaUCaTm3boZBJmJkIM/Q3XbvUb3Ilb936Cf+G0DWJbLwwczr3nnjvHTxiVyra/jNLK6tr6RnmzsrW9s7tn7h+0ZZwKAi0Ss1h0fSyBUQ4tRRWDbiIARz6Djj+6mfQ7DyAkjfm9yhLwIjzgNKQEK031zSOXAFcgeKxcGmlHCPysb1btmj0taxk4Baiiopp989sNYpJGehVhWMqeYyfKy7FQlDAYV9xUQoLJCA+gpyHHEUgvn14/tk41E1hhLPTjypqyfxU5jqTMIl9PRlgN5Vzv9/rxomQy+5+kl6rwysspT1IFnMz8w5RZKrYmCVkBFUAUyzTARFD9BYsMscBEG8mKzsZZTGIZtM9rTr12cVevNq6LlMroGJ2gM+SgS9RAt6iJWoigR/SMXtCr8WS8Ge/Gx2y0ZBSaQzRXxucPhJGflw==</latexit>

=)

<latexit sha1_base64="h7Saoknw6SuT44L5Z/ROpMmntB4=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4B2KJn0Thuax5BkhDJ079qtfoM7cetv+An+hWk7C9t6IHA49x7OzYkSzoz1/W+vsLa+sblV3C7t7O7tH5QPj5pGpZpCgyqudDsiBjiT0LDMcmgnGoiIOLSi0d103noCbZiSj3acQCjIQLKYUWKd1O4y4VLA9MoVv+rPgFdJkJMKylHvlX+6fUVTAdJSTozpBH5iw4xoyyiHSambGkgIHZEBdByVRIAJs9m9E3zmlD6OlXZPWjxT/zoyIowZi8htCmKHZmFGXSRoqexk2TLd/c/SSW18E2ZMJqkFSef5ccqxVXjaCe4zDdTysSOEaua+gOmQaEJdkCm5boLlJlZJ86IaXFavHi4rtdu8pSI6QafoHAXoGtXQPaqjBqKIoxf0it68Z+/d+/A+56sFL/ccowV4X78Lwpn0</latexit>

example: f(x) = x3 at 0

example: f(x) = x3 at 0

example: f(x) = x4 at 0

∇f (x*) = 0

∇f (x*) = 0

f(x) = x3

f(x) = x4

FONC
(First 
order

necessary 
condition)

SONC
(Second 

order 
necessary 
condition 

SOSC
(Second 

order 
sufficient 
condition)



‣ Definition: An  symmetric real matrix  is said to be 

positive semidefinite (i.e., ) if  for all  in .


‣ Or, equivalently:


- All eigenvalues of  are non-negative. 


- There exists a factorization .


- All  principal minors of  are nonnegative


‣ e.g.

n × n A

A ⪰ 0 xT Ax ≥ 0 x ℝn

A

A = BTB

2n − 1 A

Positive Semidefinite Matrices



Positive Definite Matrices

‣ Definition: An  symmetric real matrix  is said to be 

positive definite (i.e., ) if  for all  in  and .


‣ Or, equivalently:


- All eigenvalues of  are positive. 


- There exists a factorization  where  is square and 

non-singular.


- All  leading principal minors of  are positive.


‣ e.g. 

n × n A

A ≻ 0 xT Ax > 0 x ℝn x ≠ 0

A

A = BTB B

n A



Very special matrices



Global Optimality Condition

‣ If objective/constraints are convex functions, any local min is global 

min.


‣ Mainly why convexity is so beloved in optimization


‣ When is a function convex and how do we check for it? 


‣ Equivalent (sometimes easier to check) condition:




‣ [demo]

∇2f(x) ⪰ 0, ∀x ∈ dom( f ) (i.e., the Hessian is psd ∀x ∈ dom( f ))



‣ Generally, no “easy” way to check global optimality (let alone find solutions).


‣ Convex functions are a major class of exceptions to the above.


‣ Ongoing research on over-parameterization, local vs global min, implicit 

convexity, in deep learning


‣ (Explicit) regularization is usually done by “injecting more convexity”. So let’s 

understand convexity a bit.

ML timeline

Classical problems

Almost all convex

Deep learning era

Almost none convex

Unconstrained Global Optimality Condition



Convex Functions
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

Convex functions are important because:

Every local minimizer is a global minimizer.

[demo]

global 
min

local 
min☑

☑
❎

❎

https://shenshen.mit.edu/demos/ConvexFun.html


Convex Functions



Common Convex Functions

‣ All linear(affine) functions  (for any 


‣ Some quadratic functions


‣ All norms

f(x) = aT x + b a ∈ ℝn, b ∈ ℝ)



‣ Is a Sigmoid convex?


‣ Is ReLU  convex?

f(x) =
1

1 + e−x

f(x) = max(0,x)

❎

☑



Strictly Convex Functions
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

Strictly convex functions are important because:
- Every local minimizer is a global minimizer.
- There can be only one unique local/global min.
- Better theoretical properties (e.g., convergence rate).

[Quadratic function demo]

☑

☑
❎

❎

https://shenshen.mit.edu/demos/QuadraticFun.html


(Stochastic) Gradient Descent

And hoping to get

Iteratively applies “gradient vector 
points to the direction where the 
function value increases the fastest”



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>



Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            )

Initialize 

Initialize t = 0

repeat

t = t + 1


 until

Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria:

• Max number of iterations T

•  

•  kr⇥f(⇥

(t))k < ✏

<latexit sha1_base64="t+zSU0jQu2VotrlQeSGfpIEkXmo=">AAACF3icbVDLSgNBEJz1bXxFPXoZDEK8hF0RVPAgevGoYFTIxtA76TWDs7PLTK8Q1vyFF3/FiwdFvOrNv3HyOPgqGCiqqunpijIlLfn+pzc2PjE5NT0zW5qbX1hcKi+vnNs0NwLrIlWpuYzAopIa6yRJ4WVmEJJI4UV0c9T3L27RWJnqM+pm2EzgWstYCiAntcq18I6HGiIFrfCsgwQ8rg7JVVGlzd4md4F9HmJmpeoPVPyaPwD/S4IRqbARTlrlj7CdijxBTUKBtY3Az6hZgCEpFPZKYW4xA3ED19hwVEOCtlkM7urxDae0eZwa9zTxgfp9ooDE2m4SuWQC1LG/vb74n9fIKd5tFlJnOaEWw0VxrjilvF8Sb0uDglTXERBGur9y0QEDglyVJVdC8Pvkv+R8qxZs1/ZOtysHh6M6ZtgaW2dVFrAddsCO2QmrM8Hu2SN7Zi/eg/fkvXpvw+iYN5pZZT/gvX8B+syelA==</latexit>

<latexit sha1_base64="kyRTrbQP5LAX0ug6cWs6vrFNV4Q=">AAACF3icbVC7TsMwFHV4U14FRhaLCgmGVglCwMCAYGEEqS+pKchxb1oLx4nsG6Qq9C9Y+BUWBhBihY2/wW0zlMeRLB2fc4/se4JECoOu++VMTc/Mzs0vLBaWlldW14rrG3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEt+dDv3EH2ohYVbGfQDtiXSVCwRla6aZY8e+pX+0BsutsF/cGtDxxLXtWsAMn1IfECDkMlNyKOwL9S7yclEiOy5vip9+JeRqBQi6ZMS3PTbCdMY2CSxgU/NRAwvgt60LLUsUiMO1stNeA7lilQ8NY26OQjtTJRMYiY/pRYCcjhj3z2xuK/3mtFMPjdiZUkiIoPn4oTCXFmA5Loh2hgaPsW8K4FvavlPeYZhxtlQVbgvd75b+kvl/xDisHVwel07O8jgWyRbbJLvHIETklF+SS1AgnD+SJvJBX59F5dt6c9/HolJNnNskPOB/f5QWd5w==</latexit>

k⇥(t) �⇥(t�1)k < ✏

3D 
vector 

includes 
vertical f 
change

Here: m = 2, 
so (negative) 
gradient is a 

2D vector



Stochastic gradient descent
• ERM or training error typically can be written as:

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



GD vs SGD

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

• GD:

• SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2



Quick Summary

‣ Optimality conditions

‣ Convexity and strong convexity

‣ GD and SGD

‣ Quick statements:


- SGD on general functions: wild wild world; no guarantee whatsoever.

- SGD on convex functions: with step-sizing annealing, can be shown 

to converge to local/global min.

- GD on convex functions: can converge to local/glocal min with 

appropriately chosen fixed step size.

- GD on strongly convex functions: same as above; additionally, easier 

step-size calculation, faster convergence, and converges to unique 
global min. 



Regression 

and Regularized Regression

Ordinary, ridge, lasso, and interpretations



Ordinary Linear Least Squares (OLS)

min
w

L(w) :=
X

i
(yi � wTxi)

2 = kXw � yk2
<latexit sha1_base64="QW1iHkLNjT2CQxP50NgmN7vkPCg="></latexit><latexit sha1_base64="QW1iHkLNjT2CQxP50NgmN7vkPCg="></latexit><latexit sha1_base64="QW1iHkLNjT2CQxP50NgmN7vkPCg="></latexit><latexit sha1_base64="QW1iHkLNjT2CQxP50NgmN7vkPCg="></latexit>

X 2 RN⇥d, y 2 RN , w 2 Rd
<latexit sha1_base64="akI6xF/Oa+yeJrN74PLQD9+Xm6s="></latexit><latexit sha1_base64="akI6xF/Oa+yeJrN74PLQD9+Xm6s="></latexit><latexit sha1_base64="akI6xF/Oa+yeJrN74PLQD9+Xm6s="></latexit><latexit sha1_base64="akI6xF/Oa+yeJrN74PLQD9+Xm6s="></latexit>

L(w) = wTXTXw � 2wTXT y + yT y

rL(w) = 2XTXw � 2XT y
<latexit sha1_base64="7dHqXc4P99DV65XPvmoWLcPTCqw="></latexit><latexit sha1_base64="7dHqXc4P99DV65XPvmoWLcPTCqw="></latexit><latexit sha1_base64="7dHqXc4P99DV65XPvmoWLcPTCqw="></latexit><latexit sha1_base64="7dHqXc4P99DV65XPvmoWLcPTCqw="></latexit>

w = (XTX)�1XT y
<latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit><latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit><latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit><latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit>

Question: What if ?d > N

Exercise: Observe that if 
using nonlinear features 
φ(x), we obtain (ΦTΦ)-1

Given training data  where S = {(x1, y1), …, (xN, yN)} x ∈ ℝd, y ∈ ℝ

w = (XTX)�1XT y
<latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit><latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit><latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit><latexit sha1_base64="KQ+MnkZce70oJnAoAOP0Ig5NrG8="></latexit>

Rank deficiency; no longer invertible

Exercise: If , are there any situations 
under which we still would lose invertibility?

d ≤ N

Yes, if there’s so-called colinearity
among features, we still lose invertibility



What about a linear algebra trick?

Trick: Replace XT X ↦ XT X + λI

(since  is positive semidefinite, adding  with  guarantees invertibility, refer to recitation 1) XT X λI λ > 0

w = (XT X + λI)−1XTy

“Nudge” to makes  non-singular – this was the original motivation for 
ridge regression (Hoerl and Kennard, 1970)

XT X



Ridge Regression: regularized least squares

Given training data  where S = {(x1, y1), …, (xN, yN)} x ∈ ℝd, y ∈ ℝ
<latexit sha1_base64="tplQylVf/hpjdfzMpkyYn830YAo="></latexit>

min
w

L(w) :=
1

2
kXw � yk2 + �kwk2

<latexit sha1_base64="NDy3SEO84HlE23w/q56fVfCbMp8="></latexit>

X 2 RN⇥d, y 2 RN , w 2 Rd,� > 0

<latexit sha1_base64="tplQylVf/hpjdfzMpkyYn830YAo="></latexit>

min
w

L(w) :=
1

2
kXw � yk2 + �kwk2

w = (XT X + λI)−1XTy

Q: This regularization also called “weight-decay”. Why?

Importantly, adding a  


makes the objective function having a unique solution. (How?)



Other Forms/Norms of Regularization

min
w

1

N

XN

i=1
(yi � wTxi)

2 + �kwkpp
<latexit sha1_base64="BOOCa0GHBLn/915R2ASk1hzQhSM="></latexit><latexit sha1_base64="BOOCa0GHBLn/915R2ASk1hzQhSM="></latexit><latexit sha1_base64="BOOCa0GHBLn/915R2ASk1hzQhSM="></latexit><latexit sha1_base64="BOOCa0GHBLn/915R2ASk1hzQhSM="></latexit>

p=2: Ridge regression; p=1: LASSO

min
w

1

N

XN

i=1
(yi � wTxi)

2 + �⌦(w)
<latexit sha1_base64="eRi0/rr7cTTxO2qmUogSMR4kxDA="></latexit><latexit sha1_base64="eRi0/rr7cTTxO2qmUogSMR4kxDA="></latexit><latexit sha1_base64="eRi0/rr7cTTxO2qmUogSMR4kxDA="></latexit><latexit sha1_base64="eRi0/rr7cTTxO2qmUogSMR4kxDA="></latexit>

Ω: norm, nuclear norm, atomic norm, and many others!

Food for thought: Which regularizer 
should we use? when? why?

https://slideslive.com/38922413/learning-regularizers-from-data?locale=en


1-dimensional for insight

minimize (y � w)2 + �w2 ) w =
y

1 + �

Ridge leads to “shrinkage”

Thus, small values are pushed to 0. Because of this property, it is 
widely used for obtaining “sparse solutions”

minimize (y � w)2 + �|w|

w =

8
><

>:

y � �
2 if y > �

2

y + �
2 if y < ��

2

0 if y 2 [��
2 ,

�
2 ]

L1-reg causes “thresholding”



L1-norm regularization: sparsity

• LASSO = Least Absolute Shrinkage and Selection Operator


• Automated selection of “relevant features”


• A large number of features is useful to capture complex models, e.g.


• variety of representations for capturing structure of image


• or, higher order polynomials 


• But limited data does not allow meaningful selection


• Regularization like Ridge Regression tends to select everything


• LASSO, on the other hand, tries to choose sparsest model parameter



L1-regularization: optimization interpretation

L1-regularization

Can be thought of as a convex relaxation to 


L0 pseudo-norm

https://en.wikipedia.org/wiki/Compressed_sensing

Similar dea generalizes to matrix world too:
- Matrix  pseudo-norm: 

- Matrix norm (nuclear norm):  
l0 rank(A)
l1 ∥A∥* = trace ( A*A) = ∑ σi(A)

https://en.wikipedia.org/wiki/Compressed_sensing


Regularization: the big picture role

“ML is concerned with computer programs that 

automatically improve their performance through experience.”

Optimization
Training 

Statistics

Generalization  

(Data)Probability

regularization (mitigator)



Regularization: Curb your complexity
Regularized ERM

Here we seek to minimize the regularized empirical risk

min
h2H

LS(h) + �R(h),

where � � 0 is a hyper-paramter that regulates the
bias-complexity tradeoff.

NEXT LECTURE: Concrete examples of hypotheses classes,
regularizers, and corresponding optimization methods.

Suvrit Sra (suvrit@mit.edu) 6.867 (Fall 2019)

How?



ERM: Bias-Complexity Tradeoff

“Modern” viewpoint on generalization: the double-descent curve

A B

Fig. 1. Curves for training risk (dashed line) and test risk (solid line). (A) The classical U-shaped risk curve arising from the bias–variance trade-off. (B) The
double-descent risk curve, which incorporates the U-shaped risk curve (i.e., the “classical” regime) together with the observed behavior from using high-
capacity function classes (i.e., the “modern” interpolating regime), separated by the interpolation threshold. The predictors to the right of the interpolation
threshold have zero training risk.

networks and kernel machines trained to interpolate the training
data obtain near-optimal test results even when the training data
are corrupted with high levels of noise (5, 6).

The main finding of this work is a pattern in how perfor-
mance on unseen data depends on model capacity and the
mechanism underlying its emergence. This dependence, empir-
ically witnessed with important model classes including neural
networks and a range of datasets, is summarized in the “double-
descent” risk curve shown in Fig. 1B. The curve subsumes the
classical U-shaped risk curve from Fig. 1A by extending it beyond
the point of interpolation.

When function class capacity is below the “interpolation
threshold,” learned predictors exhibit the classical U-shaped
curve from Fig. 1A. (In this paper, function class capacity is iden-
tified with the number of parameters needed to specify a function
within the class.) The bottom of the U is achieved at the sweet
spot which balances the fit to the training data and the suscepti-
bility to overfitting: To the left of the sweet spot, predictors are
underfitted, and immediately to the right, predictors are overfit-
ted. When we increase the function class capacity high enough
(e.g., by increasing the number of features or the size of the neu-
ral network architecture), the learned predictors achieve (near)
perfect fits to the training data—i.e., interpolation. Although
the learned predictors obtained at the interpolation threshold
typically have high risk, we show that increasing the function
class capacity beyond this point leads to decreasing risk, typically
going below the risk achieved at the sweet spot in the “classical”
regime.

All of the learned predictors to the right of the interpolation
threshold fit the training data perfectly and have zero empiri-
cal risk. So why should some—in particular, those from richer
functions classes—have lower test risk than others? The answer
is that the capacity of the function class does not necessarily
reflect how well the predictor matches the inductive bias appro-
priate for the problem at hand. For the learning problems we
consider (a range of real-world datasets as well as synthetic
data), the inductive bias that seems appropriate is the regular-
ity or smoothness of a function as measured by a certain function
space norm. Choosing the smoothest function that perfectly fits
observed data is a form of Occam’s razor: The simplest expla-
nation compatible with the observations should be preferred (cf.
refs. 7 and 8). By considering larger function classes, which con-
tain more candidate predictors compatible with the data, we
are able to find interpolating functions that have smaller norm
and are thus “simpler.” Thus, increasing function class capacity
improves performance of classifiers.

Related ideas have been considered in the context of margins
theory (7, 9, 10), where a larger function class H may permit
the discovery of a classifier with a larger margin. While the
margins theory can be used to study classification, it does not

apply to regression and also does not predict the second descent
beyond the interpolation threshold. Recently, there has been an
emerging recognition that certain interpolating predictors (not
based on ERM) can indeed be provably statistically optimal or
near optimal (11, 12), which is compatible with our empirical
observations in the interpolating regime.

In the remainder of this article, we discuss empirical evidence
for the double-descent curve and the mechanism for its emer-
gence and conclude with some final observations and parting
thoughts.

Neural Networks
In this section, we discuss the double-descent risk curve in the
context of neural networks.

Random Fourier Features. We first consider a popular class of non-
linear parametric models called random Fourier features (RFF)
(13), which can be viewed as a class of 2-layer neural networks
with fixed weights in the first layer. The RFF model family
HN with N (complex-valued) parameters consists of functions
h : Rd

!C of the form

h(x )=
NX

k=1

ak�(x ; vk ) where �(x ; v):=e
p
�1hvk ,xi,

and the vectors v1, . . . , vN are sampled independently from the
standard normal distribution in Rd . (We consider HN as a class
of real-valued functions with 2N real-valued parameters by tak-
ing real and imaginary parts separately.) Note that HN is a
randomized function class, but as N !1, the function class
becomes a closer and closer approximation to the reproducing
kernel Hilbert space (RKHS) corresponding to the Gaussian
kernel, denoted by H1. While it is possible to directly use
H1 [e.g., as is done with kernel machines (14)], the random
classes HN are computationally attractive to use when the sam-
ple size n is large but the number of parameters N is small
compared with n .

Our learning procedure using HN is as follows. Given data
(x1, y1), . . . , (xn , yn) from Rd

⇥R, we find the predictor hn,N 2

HN via ERM with squared loss. That is, we minimize the empiri-
cal risk objective 1

n

Pn
i=1(h(xi)� yi)

2 over all functions h 2HN .
When the minimizer is not unique (as is always the case when
N >n), we choose the minimizer whose coefficients (a1, . . . , aN )
have the minimum `2 norm. This choice of norm is intended as
an approximation to the RKHS norm khk

H1
, which is generally

difficult to compute for arbitrary functions in HN . For prob-
lems with multiple outputs (e.g., multiclass classification), we use
functions with vector-valued outputs and the sum of the squared
losses for each output.

15850 | www.pnas.org/cgi/doi/10.1073/pnas.1903070116 Belkin et al.

Reconciling modern machine-learning practice and
the classical bias–variance trade-off
Mikhail Belkina,b,1, Daniel Hsuc, Siyuan Maa, and Soumik Mandala



Implicit regularization of GD/SGD
Assume linear model y = Xw and consider ERM

SGD update
wt+1 = wt − αgtxt

Here  is the gradient of the loss at the current predictiongt

Simple but important observation
If we initialize , then


 always lies in span of data!
w0 = 0

wt

Exercise: verify above claim

Even though general weights are high-
dimensional, SGD searches over space of 
at most dimension n, the number of data 
points.

Suppose we have nonnegative loss with  iff y=z∂ℓ(z, y)
∂z

= 0 (square-loss satisfies this)



Implicit regularization of GD/SGD
Thus, at optimality we have:

1. Xw=y, because total loss is zero ( )

2. , for some vector v, because w is in the span of data

∥Xw − y∥2

w = XTv

w = XT(XXT)−1y

Thus, when we run (S)GD we converge to a very specific solution. This 
special w turns out to be the minimum Euclidean norm solution to Xw=y!

Exercise: Prove that this soln. 
has minimum Euclidean norm

Suppose ŵ = XTα + v, v ⊥ xi

Then, Xŵ = XXTα + Xv = XXTα
Thus, ŵ = XT(XXT)−1y + v
whereby, ∥ŵ∥2 = ∥XT(XXT)−1y∥2 + ∥v∥2



Thanks!

Questions?


