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‣ Markov Decision Processes
- Definition
- Value Functions
- Policy Evaluation
- Optimal value functions
- Value Iteration
- Q Value Functions and Q-value iteration

‣ Reinforcement Learning
- Formulation
- Q-learning
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Recent (Deep) RL Highlights



History

‣ Research area initiated in the 1950s (Bellman), known under various names (in various communities):
- Reinforcement learning (Artificial Intelligence, Machine Learning)
- Stochastic optimal control (Control theory)
- Stochastic shortest path (Operations research)
- Sequential decision making under uncertainty (Economics)

‣ Markov decision processes, dynamic programming
‣ Control of dynamical systems (under uncertainty)
‣ A rich variety of (accessible & elegant) theory/math, algorithms, and applications/illustrations

‣ Diverse community leads diverse notations. We will use the most RL-flavored.
‣ Many moving pieces, often times, nuanced details. Try draw comparisons.
‣ Stop by office hours if having any questions.



Recall: Multi-armed Bandits
‣ -armed bandit: , number of action choices 

‣ : the action selected on time step  

‣ Each action returns a reward 

- : the reward received for selecting  

- drawn from an unknown reward distribution 

‣ Goal: pick actions to maximize e.g.  

sum of rewards  

or, average expected rewards  with 
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[Seinfeld S6E9]

[https://www.feynmanlectures.caltech.edu/info/exercises/Feynmans_restaurant_problem.html

[Berkeley cs188]

Bandits problems:
☹ Hard: unknown rewards distribution. 
(Face “exploration vs. exploitation”.)
 
😀 Easy: actions don’t “change” the world.

https://www.feynmanlectures.caltech.edu/info/exercises/Feynmans_restaurant_problem.html
https://www.feynmanlectures.caltech.edu/info/exercises/Feynmans_restaurant_problem.html


Classification of Decision-Making Scenarios

Unknown 
Model

Known
Model

Actions Don’t 
Impact State

Actions Change
State

Multi-Armed
Bandits

Markov Decision 
Process

Stochastic 
Optimization

Reinforcement
Learning

Here, “model”, or sometimes “world model”, refers to transition model and/or rewards model.  
See next slide for precise definition. 



Markov Decision Process

‣ : a state space which contains all possible states  of the system.

‣ : an action space which contains all possible actions  an agent can take.

‣ : the probability of transition from state  to  if action  is taken.

‣ : a function that takes in the (state and action) and returns a real-valued reward.

Sometimes, also:

‣ : initial state.

‣ Objective version (may involve a : discount factor (details later), and/or : 

horizon. Details later).
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Reward r
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Reward R(s, a)

time

Action a
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State s
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MDP as a graphical model

Transition P(s′ |s, a)

⌧ = (s0, a0, r0, s1, a1, r1, . . .)
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Trajectory (aka experience, rollout)

Policy π(s)

…



MDP Assumptions and Comments

‣ Markov Assumption (Memory-less) 

‣ Full-observability of states (if this is violated, would become POMDP)
‣ Policy  can be thought of feedback-control law. Policy + MDP = Markov 

chain.
‣ Notice the sources of randomness in 

P (St+1 = s′ ∣ st, at, st−1, at−1, …s0) = P (St+1 = s′ ∣ st, at)

π(s)

τ



MDP Goal

‣ Find a policy , such that:                              

 is maximized for all 

‣ This objective is the “infinite-horizon discounted sum of rewards” setting

‣ Need  to get a finite sum. But discount  also act to:

- Tradeoff between near-term versus far-ahead rewards

- Act like “Compound” interest rate

- As if the process terminates with probability  after every time-step

‣ Many objective variations exist. E.g., infinite-horizon non-discounted average rewards; finite-

horizon sum of rewards; finite-horizon un-discounted sum of rewards (this is equivalent to 

adding an absorbing state in the infinite-horizon counterpart). 

‣ These objective settings differ mostly in theoretical guarantees.

‣ , , and  setup also affect theoretical guarantees, but they also affect computation.

π : S → A

𝔼[∑∞
t=0 γtR(st, π(st) |s0 = s] s0

0 ≤ γ < 1 γ

1 − γ

𝒮 𝒜 π

‣ For the rest of this 
lecture:
-  is discrete and finite
-  is discrete and finite 
-  is deterministic

𝒮
𝒜
π



(Almost deterministic) Transitions:
- Normally, actions take us deterministically to the “intended” state. 

E.g., in state (1,1), action “North” gets us to state (1,2)
- If an action would take us out of this world, stay put
- In state (3,2), action “North” leads to two possible next state:

- 80% chance ends in (3,3)
- 20% chance ends in (2,3)

Deterministic Rewards:
- State (3,3), any action gets reward +1
- State (3,2), any action gets reward -10
- Any other (state, action) pairs get reward 0

Example: Grid World

State space: 9 cells
Actions space: {North, 
South, East, West}

Discount γ = 0.9

1

-10

1 2 3

1

2

3



State-Value V Functions

For any given policy , the state-value functions are π

Vπ(s) := 𝔼τ[∑∞
t=0 γtR(st, π(st)) |s0 = s], ∀s

Bellman equations

Vπ(s) = 𝔼[R(s, π(s))] + γ∑s′ 

p(s′ |s, π(s))Vπ(s′ ), ∀s

- Policy evaluation: 

- For infinite-horizon discounted rewards setup, evaluation amounts to 
solving a set of  linear equations|S |



Optimal Policies and Optimal Values

Bellman equations

Vπ(s) = 𝔼[R(s, π(s))] + γ∑s′ 

p(s′ |s, π(s))Vπ(s′ ), ∀s

‣ Recall that for any given policy

Bellman optimality equations

V*(s) = max
a

(𝔼[R(s, a)] + γ∑s′ 

p(s′ |s, a)V*(s′ )), ∀s

‣ We should be convinced of

‣ One way is to enumerate every possible policies, evaluate them and compare. But very inefficient.

‣ A policy  is optimal if its value functions are no smaller than the value function of any other policy at 
all states  

π*
Vπ*(s) ≥ Vπ(s), ∀s ∈ S, ∀π

this would amount to solving a set of  non-linear equations (how-to later)|S |



Infinite-horizon Summary

• Definition: For any given policy , the state-value functions are 

• Bellman equations    

• Bellman optimality equations

π

Vπ(s) := 𝔼τ[∑∞
t=0 γtR(st, π(st)) |s0 = s], ∀s

Vπ(s) = 𝔼[R(s, π(s))] + γ∑s′ 
p(s′ |s, π(s))Vπ(s′ ), ∀s

V*(s) = max
a

(𝔼[R(s, a)] + γ∑s′ 
p(s′ |s, a)V*(s′ )), ∀s

• There exists a unique  satisfying the Bellman optimal equations.

• There exists a stationary deterministic optimal policy  (more on how to 

find this based on  later). The optimal policy might not be unique. 

V*

π*

V*



Finite-horizon Variant
• Definition: For any given policy , the state-value functions are 

, where horizon-0 values are all 0.

• Bellman recursion    

• Bellman optimality recursion

π

Vπ
T(s) := 𝔼τ[∑T−1

t=0 γtR(st, π(st)) |s0 = s], ∀s

Vπ
T(s) = 𝔼[R(s, π(s))] + γ∑s′ 

p(s′ |s, π(s))Vπ
T−1(s′ ), ∀s

V*T (s) = max
a

(𝔼[R(s, a)] + γ∑s′ 
p(s′ |s, a)V*T−1(s′ )), ∀s

• For a fixed horizon, there exists a unique optimal value function.

• For a fixed horizon, there exists a deterministic optimal policy ; the optimal policy may not 

be unique. 

• Optimal value function and optimal policies generally is non-stationary, i.e., depend on horizon.

π*



Value Iteration

Bellman optimality equations

V*(s) = max
a

(𝔼[R(s, a)] + γ∑s′ 

p(s′ |s, a)V*(s′ )), ∀s



‣ Guaranteed to converge to the infinite-horizon optimal value function .

(under mild assumptions like rewards bounded in expectation)

‣ Max-norm error decreases monotonically per iteration.

‣ Convergence holds under any initialization.

‣ When initialized to 0, run line 4 for  iterations, the latest value function 

would be the optimal horizon-  optimal value function .

‣ Policy extraction: Given optimal , how to back out an optimal policy ?

V*

|V − V* |

k

k V*k

V*(s) π*

Value Iteration - Comments

1 2 3

π*(s) = arg max
a [𝔼[R(s, a)] + γ∑s′ 

p(s′ |s, a)V*(s′ )]
8.1 9 10

7.29 8.1 -1.18

6.561 7.29 6.561‣ E.g.,  of our grid world:V*(s)



State-Action-Value Q Functions

‣ Definition: For any given policy , the state-action-value functions are 

‣ Optimal  is then expected sum of discounted rewards for being in 

state , taking an action , and act optimally thereafter.

‣ Optimal quantities must satisfy:

-

-

-

‣ Comparing with  we saw previously, 

easier to extract optimal policy. 

Qπ(s, a) := 𝔼[R(s, a)] + γ∑s′ 
p (s′ ∣ s, a) Vπ (s′ ), ∀s, a

Q*(s, a)

s a

Q*(s, a) = 𝔼[R(s, a)] + γ∑s′ 
p (s′ ∣ s, a) V* (s′ )

V*(s) = maxa Q*(s, a)

π*(s) = arg max
a

Q*(s, a)

π*(s) = arg max
a [𝔼[R(s, a)] + γ∑s′ 

p(s′ |s, a)V*(s′ )]



Q Value Iteration

‣ Recall that optimal quantities must satisfy:

-

-

‣ Similar equations 

Q*(s, a) = 𝔼[R(s, a)] + γ∑s′ 
p (s′ ∣ s, a) V* (s′ )

V*(s) = maxa Q*(s, a)

Q*(s, a) = 𝔼[R(s, a)] + γ∑s′ 
p (s′ ∣ s, a) max

a′ 

Q* (s′ , a′ )



Q Value Iteration - Comments

‣ Guaranteed to converge to  (under mild assumptions like rewards 
bounded in expectation)

‣ Can initialize to any value.
‣ Max-norm error decreases monotonically per iteration.
‣ When initialized to 0, iterations are finite-horizon value functions.
‣ Can execute “in place” (don't need a separate ).
‣ Can randomly pick  to update, rather than doing it systematically.
‣ (If  then .)

‣ (Define greedy policy with respect to value function . 

Then if )

‣ Serves as the basis for Q-learning in RL (coming up).

Q*

|Q − Q* |

Qnew
(s, a)

|Q − Qnew | < ϵ |Q − Q* | < ϵγ/(1 − γ)
πQ(s) = arg max

a
Q(s, a)

|Q(s, a) − Q*(s, a)| < ϵ, |VπQ
− V* | < 2ϵ .



MDP Summary

‣ Definition
‣ Policy and V value
‣ Policy evaluation (via Bellman Linear Equations)
‣ Finding optimal value functions (requires Bellman non-linear equations)
‣ Finite-horizon is non-stationary, need to replace equations with recursions
‣ But both infinite- and finite-horizons can be solved exactly via value iteration
‣ (V) value iteration cumbersome to extract optimal policy
‣ Q values
‣ Q value iteration and policy extraction



Reinforcement Learning

RL

RL

(in RL)



Thanks!

Questions?


